The Hofstadter butterfly is a quantum fractal with a highly complex nested set of gaps, where each gap represents a quantum Hall state whose quantized conductivity is characterized by topological invariants known as the Chern numbers. Here we obtain simple rules to determine the Chern numbers at all scales in the butterfly fractal and lay out a very detailed topological map of the butterfly. Our study reveals the existence of a set of critical points, each corresponding to a macroscopic annihilation of orderly patterns of both the positive and the negative Cherns that appears as a fine structure in the butterfly. Such topological collapses are identified with theVan Hove singularities that exists at every band center in the butterfly landscape. We thus associate a topological character to the Van Hove anomalies. Finally, we show that this fine structure is amplified under perturbation, inducing quantum phase transitions to higher Chern states in the system. 
A two-dimensional electron gas (2DEG) in a square lattice provides a simple example of Van Hove singularities in the energy dispersion of a crystal. For a tight binding model of a square lattice , the energy dispersion is given by,
Here k = (k x , k y ) is the wave vector in the first Brillouin zone and a is the lattice spacing of the square lattice and J is the nearest-neighbor hopping parameter which defines the effective mass m e of the electron on the lattice by the relation J = 2 2mea 2 . This single band Hamiltonian has band edges at E = ±4J. It can be shown that the density of states (DOS) at the band edges approaches a constant equal to 1 4πa 2 2 . However, it diverges at the band center as DOS ≈ lnJ E . Such a divergence is an example of a Van Hove singularity. Figure 1 shows the energy contours in (k x , k y ) plane, where the almost free-electron concentric circles are transformed into a diamond shape structure that corresponds to saddle points in the energy surface. We note that the lattice structure is essential for the existence of Van Hove singularities. Van Hove singularities have been given a topological interpretation in terms of a switching of electron orbits from electron like to hole like [3] .
In this paper we investigate the Van Hove anomalies of a 2DEG in transverse magnetic fields. Such system describes all phases of non-interacting electrons as one varies the chemical potential and magnetic field. The phase diagram, known as the Hofstadter butterfly [10] represents various quantum Hall states, each characterized by a quantum number, the Chern number, that has its roots in the nontrivial topology of the underlying Hilbert space [7] . The key result of this paper is the topological characterization of Van Hove singularities that are nested in the hierarchical pattern of the butterfly spectrum. We show that in the two-dimensional energy-flux space, every vicinity of a Van Hove consists of interlacing sequences of positive and negative Chern numbers that collide and annihilate at the Van Hove singularities. In other words, Van Hove singularities induce a topological collapse in the quantum fractal of the Hofstadter butterfly.
We calculate Chern numbers in the neighborhood of Van Hove singularities, facilitated by simple rules that we derive for determining the entire topological map of the butterfly fractal at all scales. Our analysis begins with a geometrical approach, based on simple number theory, that sets the stage for determining the Chern numbers of all the gaps and its associated fine structure. It is the orderly patterns of topological integers that characterize the fine structure that gets linked to the Van Hove anomalies of a two dimensional crystalline lattice in a magnetic field. In other words, we correlate the macroscopic nature of the topological collapse from which emerges a reincarnation of Van Hove in a quantum fractal made up of integers characterizing the quantum Hall conductivity.
A very recent study of the 2DEG when subjected to a weak magnetic field [4] , revealed the importance of Van Hove singularities in inducing changes in localization characteristics of the system. In a continuum system, that is, in the absence of any lattice structure, the magnetic field B introduces a magnetic length l B = φ0 2πB , reincarnation of the cyclotron radius of the corresponding classical problem. In this limit, the energy spectrum consists of equally spaced harmonic oscillator levels known as the Landau-levels. Interestingly, in a lattice with weak magnetic flux, the Landau level picture breaks down near the band center as illustrated in the Fig. (1) . The insight into this clustering of the band fragments near the center can be gained by expanding the energy E near k x + k y = ±π and k x − k y = ±π, where the energy depends linearly on the wave vector. This is in sharp contrast to the quadratic dependence of energy near the band edges that leads to simple harmonic levels, namely the Landau levels.
The model system that we study here consists of (spinless) fermions in a square lattice. Each site is labeled by a vector r = nx + mŷ, where n, m are integers,x (ŷ) is the unit vector in the x (y) direction, and a is the lattice spacing. The tight binding Hamiltonian has the form
Here, |r is the Wannier state localized at site r. J x (J y ) is the nearest neighbor hopping along the x (y) direction. With a uniform magnetic field B along the z direction, the flux per plaquette, in units of the flux quantum Φ 0 , is φ = −Ba 2 /Φ 0 . Field B gives rise to the Peierls phase factor e i2πnφ in the hopping.
Within the Landau gauge, the above Hamiltonian has been engineered in cold atom experiments [5] . In this case, the vector potential is given by A x = 0 and A y = −φx resulting in a Hamiltonian that is cyclic in y. Therefore, the eigenstates of the system can be written as Ψ n,m = e ikym ψ n where ψ n satisfies the Harper equation [10] 
Here n (m) is the site index along the x (y) direction, λ = J y /J x and ψ r n+q = ψ r n , r = 1, 2, ...q are linearly independent solutions. In this gauge, the magnetic Brillouin zone is −π/qa ≤ k x ≤ π/qa and −π ≤ k y ≤ π.
At the rational flux φ = p/q, where p and q are relatively prime integers, the energy spectrum has q −1 gaps. These spectral gaps are labeled by two quantum numbers which we denote as σ and τ . The integer σ is the Chern number , the quantum number associated with Hall conductivity [7] and τ is an integer. For a Fermi level inside each energy gap, the system is in an integer quantum Hall state [6] characterized by its Chern number σ which gives transverse conductivity [7] 
The quantum numbers (σ, τ ) satisfy a Diophantine equation (DE) [14] , that applies to all 2DEG systems that exhibits magnetic translational symmetry,
where ρ is the particle density when Fermi level is in the gap. For a given ρ and φ, there are infinity of possible solutions for where [σ, τ ] are integers, given by,
Here σ 0 , τ 0 are any two integers that satisfy the Eq. (4) and n is an integer. The quantum numbers σ that determine the quantized Hall conductivity correspond to the change in density of states when the magnetic flux quanta in the system is increased by one and, whereas the quantum number τ is the change in density of states when the period of the potential is changed so that there is one more unit cell in the system [15] .
For any value of the magnetic flux , the system described by the Hamiltonian (2), supports only n = 0 solution of Eq. (5) for the quantum numbers σ and τ . This is due to the absence of any gap closing that is essential for topological phase transition to states with higher values of σ, τ . However, the DE which relates continuously varying quantities ρ and φ with integers σ and τ , has some important consequences about topological changes in close vicinity of rational values of φ. We now show that the infinity of solutions depicted in Eq.(5) reside in close proximity to the flux φ and label the fine structure of the butterfly. We illustrate this later in the paper by time-dependent perturbation that drives the Hamiltonian (2) periodically.
We begin by solving the Diophantine equation, using a geometrical approach well known in quasicrystal literature -commonly referred as the "Cut and Projection Method" [11, 12] . Note that although the explicit solution has been known [9] , our approach however illustrates simplicity underlying the number theoretical approach to solve this equation.
The basic idea is to obtain solutions by going to higher dimensions and the required solutions are the projections from two to one dimension.
We start by defining two vectors: a "flux vector" F and a "topology vector T r as,
The DE is then rewritten as,
This implies that the gap index r is a projection of the topology vector onto the flux vector. However, this projection is an integer. This suggests the following scheme to obtain the components of T r , namely σ r , τ r in terms of r as follows.
As shown in Fig. (2) , we consider a two dimensional space with coordinates (x, y).
A square lattice is defined in this space by considering x and y at integer values.
A vector F is draw which points to square lattice point (p, q). Then all possible solutions of the Diophantine lay in the 2D square lattice, and are contained in a family of parallel lines given by,
as indicated in Fig. 2 . To find integer solutions, we look at the family of parallel lines. These lines are all perpendicular to the vector,
which defines the line y = −φx, with slope φ,i.e., tan α = φ where α is the angle between the x axis and F ⊥ . If x is chosen to be an integer, that we associate with a Chern number, this will produce a y coordinate,
However, although y is in the family of parallel lines, it does not produce an integer.
But we find an integer just by taking the floor function of the previous equation,
so for each σ r , the corresponding τ r is given by,
Thus, gaps are labeled by the coordinates of a two dimensional lattice,
Furthermore, by using the identity x = x + {x} to express τ r and inserting the solution into Eq. (7), we obtain that,
Notice that care must be taken for negative Chern numbers, since {−x} = 1 − {x} for x > 0. We now define the Hull function f as,
which is the filling factor for a Chern number at a given φ.
This formula can be inverted using the same methodology giving the Chern numbers as a function of the gap index,
The hull function [13] can be viewed as a kind of "skeleton butterfly" plot that encodes the topological structure of the Hofstadter spectrum as we explain below. Earlier studies have discussed this skeleton in terms of the integrated density of states [16] . In this paper, we use this Hull function along with the numerically obtained butterfly to lay out the topological patching of the entire butterfly. Upper and lower graphs in Fig. 3 illustrate the relationship between the butterfly graph and its skeleton version obtained from the Hull function. We emphasize that although the quantitative analysis of the actual energies requires a numerical exploration, many features can be obtained using the Hull function. As we discuss below, this includes not only the dominant gaps but the fine structure associated with them. Fig. 3 shows the filling fractions r/q = f (φ, σ) 
This equation can only be satisfied provided,
since the fractional part function has period 1 and {x} = x for 0 ≤ x < 1,i.e., when applied to this particular case, {φσ} = {(p/q)σ} = (p/q)σ and the period is q. Thus the arguments of the fractional parts in Eq. (17) can differ up to multiples of the period.
This equation, which we will refer as the Chern meeting formula relates the topological quantum numbers of two swaths of the butterfly that meet at a point.
We now identify a "central butterfly" and its fine structure as follows (see Fig. (3) ).
The central butterfly is the meeting of the two smallest Cherns ( in magnitude ) and the value of φ where they meet forms the center of that butterfly. However, there is a whole set of other Cherns that converge at such point. Such Cherns will be identified with the fine structure of this central butterfly as we will explain later.
Having identified the center, which we label as p c /q c , we now ask where are the boundaries of this butterfly. A close inspection of the skeleton graph shows that the boundaries of the central butterfly are the the closest intersections labeled by the largest Chern, larger than the Chern that labels the butterfly. This is illustrated in Fig. 3 .
The precise rules for locating the boundaries of the butterfly specified by a triplet of rationals labeling the left boundary, the center and the right boundary (p L /q L , p c /q c , p R /q R )
were discussed in an earlier paper [8] which we state as follows. 
We note that Farey neighbors satisfy the so called "friendly number" equation,
where x = L, R.
We now address the question of determining the Chern numbers of every butterfly in the butterfly digram, obtaining the topological map of the entire butterfly graph.
Every butterfly in this graph is characterized by a pair of Chern numbers, which we will denote as (σ + , σ − ), representing the Chern numbers of the two diagonal wings of the butterfly.
The simplest case happens to be the butterflies that are centered on the horizontal axis of the butterfly graph where the centers of such butterflies are described by flux values p c /q c where q c is an even integer. As shown in earlier paper [8] , and also follows from the formula (14) , such butterflies are characterized by a pair Chern numbers
. Another simple case of topological structure are the butterflies located at the minimum or the maximum values of energy in the butterfly diagram. It is easy to show that these butterflies are characterized by Chern pairs (±q R , ∓q L ).
In general, as shown in Fig. 4 and Fig. 5, with 
that satisfy the Eq. 19, there are q x butterflies where q x = M in(q L , q R ). These butterflies share the same value of the magnetic flux φ for their center and the boundaries, but are displaced in energy. The Chern number of this family of butterflies are related by the solutions of the Chern meeting formula ( Eq. 18 ). In other words, these butterflies are topologically linked by the equation, To determine the topological map of the hierarchical set of gaps, we study the fine structure of the butterfly landscape determining the Chern numbers near a flux
To do this, we do a simple "titling" of the flux and ρ. We substitute in the DE φ = φ 0 + δφ and ρ = ρ 0 + δρ, and the corresponding quantum numbers as σ = σ 0 + ∆σ and τ = τ 0 + ∆τ . Now, taking the limits as δφ and δρ go to zero, we obtain,
We will refer this equation as the "corollary " of the DE equation.
Since both ∆σ and ∆τ are integers and p 0 and q 0 are relatively prime, the simplest solutions of Eq. (22) are ∆σ = ±nq 0 and ∆τ = ∓np 0 , where n = 0, 1, 2, .... These solutions describe the fine structure of the butterfly near a flux φ 0 .
The above corollary determines the entire topological map of the butterfly as described in Fig. (6) . In addition to the dominant gaps, this plot illustrates the fine structure both near the center as well as at the boundaries of every central butterfly in the entire butterfly landscape. As seen in the cal set of bands in the butterfly landscape are also a set of Van Hove singularities, seen just with an eyeblink, as dark spots -that is, high density points. In fact low magnetic flux limit, discussed in the beginning applies to the neighborhood of every rational flux. Hove. It turns out that under perturbations of the system, these solutions take over, replacing the low Chern states with higher Cherns which then become the dominant gaps in the system.
We illustrate this by perturbing such a systems, to induce quantum phase transitions to topological states with n > 0 given by (5) with dominant gaps characterized by higher Chern numbers. We study butterfly spectrum for a periodically kicked quantum Hall system [18] where J y is a periodic function of time t with period-T , J y = λ n δ(t/T − n), a system that was recently investigated [18] . Readers are referred to the original paper for various details of the system. 
